ABSTRACT: Rotational-translational addition theorems for the vector spheroidal wave functions M:!;~>(h; g, 71, q,) and N:(~)(h; g, 71, q, ), i = 1, 2, 3, 4, are derived from those for the corresponding scalar spheroidal wave functions 1/J~~(h; g, 71, <P ). A vector spheroidal wave function defined in one spheroidal coordinate system (h; g, 71, <P) is expressed in terms of a series of vector spheroidal wave functions defined in another spheroidal coordinate system (h'; g', 71', cf>'), which is rotated and translated with respect to the first one. These theorems allow a rigorous treatment of boundary value problems relative to time-harmonic vector field waves in the presence of a system of spheroids with arbitrary orientations. As a special case, general rotational-translational addition theorems for vector spherical wave functions are also presented.
INTRODUCTION
The problem of radiation and scattering of electromagnetic waves in a system with two or more spheroids of an arbitrary orientation is of particular importance, since real objects with a large variety of shapes can well be approximated by prolate or oblate spheroids. An exact eigenfunction solution to this problem can be obtained on the basis of rotational-translational addition theorems for vector spheroidal vector wave functions. The derivation of such theorems is the purpose of this paper.
Translational addition theorems for the case of spherical scalar wave functions were obtained by the authors of [1] , and those for spherical vector wave functions were developed later in [2, 3) . Stein [2) also presented rotational addition theorems for spherical vector wave functions. In [4) the authors used the translational additiontheorems for spherical vector wave functions to solve the problem of scattering of a plane electromagnetic wave by a system of two spheres.
Translational addition theorems for the scalar spheroidal wave functions tfJ ~~ ( h; ~, T/, <P) and vector spheroidal wave functions M~!) ( h; ~, T/, <P) = Vt/f~~(h; ~' TJ, <P) x a and N~!l(h; ~. TJ, </>) = k-1 V x M~~l(h; ~. TJ, <f>) (i = 1, 3, 4), where a is any one of the Cartesian unit vectors x, j, or z, were deduced in [5] .
Analogous theorems for the vector wave functions in the case when a is the radial vector r were derived by the authors of [ 6] . These theorems have been used in the analysis of scattering of a plane electromagnetic wave by two perfectly conducting prolate spheroids with parallel major axes [7] [8] [9] . They have also been used for deriving the admittance of a pair of spheroidal dipole antennas with parallel major axes [10] . Recently, the authors of [11) obtained the rotational addition theorem and rotational-translational addition theorems for scalar spheroidal wave functions. In 152
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this paper we extend that work [11] , to derive the rotational-translational addition theorems for the vector spheroidal wave functions M~~l(h; g, 11, <P) and N~~l(h; g, 11, <P) with a= x, y, z; i = 1, 2, 3, 4, as well as for the vector wave functions M;~)(h; g,11, c/J) and N;~i)(h; g,11, c/J) which also intervene in the solution of vector field problems in the presence of a system of spheroids of arbitrary orientation. We also derive the rotational-translational addition theorems for the vector spheroidal wave functions M:'.~mn(h; g, 11, <P) and N:'.~mn(h; g, 11, <P) (i = 1, 2, 3, 4)
when a is the radial vector r.
The coordinates g, 11, <Pare the spheroidal coordinates and h = kF, where k is the wave number of the time-harmonic fields and Fis the semi-interfocal distance of the spheroids g=const. The vector wave functions M;~i)(h; g,11, c/J) and N;~i)(h; g,11, c/J) are those defined in [8] , having a ef(m±J)<t> c/J-dependence, where j = v=T. Thus they are equivalent to the functions M;~i n(h; g, 11, <P) and N;~i n(h; g, 11, <P) used in [12] . The notation in the rest of the t~xt is that adopted in this-latter reference unless otherwise stated, with i = 1, 2, 3, 4 corresponding to the radial spheroidal functions of the first, second, third and fourth kind, respectively. All the derivations presented in this paper are for prolate spheroidal wave functions. The expressions for the oblate system can easily be obtained from those for the prolate system by the transformation g~ jg, h~ -jh (or F~ -jF).
ROTATIONAL-TRANSLATIONAL ADDITION THEOREMS FOR VECTOR SPHEROIDAL WAVE FUNCTIONS
In order to simplify the notation, without any loss of generality, consider only two Cartesian reference frames (x, y, z) and (x', y', z') as shown in Fig. 1 11 ). .
The scalar spheroidal wave functions l/J~~(h; g, 11 , c/J) in the unprimed system can be expressed as series expansions in terms of scalar spheroidal wave functions in the primed system, by using the rotational-translational addition theorems for these functions [11] , 11 ', c/J'), r',,;;;; d;
where ( 
Spheroidal vector wave functions which are independent elementary solutions of the vector Helmholtz equation can be simply generated as [14] M~~l
where a is a constant vector or the radial vector. In this paper we consider the vector wave functions given in eqs. (5) and (6) with a being one of the Cartesian unit vectors i, j, i, their linear combinations which are particularly useful in the analysis of field problems involving spheroids [5, 8, 12] , as well as the vector wave functions with a being the radial vector r.
Functions Defined with the Cartesian Unit Vectors i, j, or i
In the following, the coordinate triads ( g, 1J, <P) and ( g ', 1J ', <P ') will be denoted by r and r', respectively, and the arguments of (i)Q;~(a, {3, y; d) and P;~(a, {3, y; d) will be omitted. Substituting eqs. (1) and (2) in eq. (5) and then eq. (5) in eq. (6),
where X is either of the vector spheroidal wave functi1ons M or N. These simple expressions give the functions M and N in one system of spheroidal coordinates in terms of the same type of functions in another system of spheroidal coordinates, rotated and translated with respect to the first one. In the analysis of field problems, the following linear combinations [8] are used:
From eqs. (7), (8) and (9), the following expressions are derived finally:
(10)
where the asterisk denotes the complex conjugate, and
(15)
The expressions in eqs. (7)- (8) and eqs. (10)- (15) constitute the rotationaltranslational addition theorems for the vector spheroidal wave functions
Functions Defined with the Radial Vector r
Using eqs. (1) and (A.1), the even and odd spheroidal scalar wave functions in the unprimed system can be expressed in the form of a series expansion in terms of both even and odd spheroidal scalar wave functions in the primed system, for r':;;;: d and i = 1, 2, 3, 4, as
where e,~ B;~µ,q = jlml+q-n e -;µ,q,d{
forµ,> 0,
and
Eq. ( 17) gives the rotational-translational addition theorems for the scalar spheroidal wave functions l/J~;~mn (i = 1, 2, 3, 4), for r' ~ d. Using the relationship between the spheroidal and spherical scalar wave functions [12] , we get for
where
(The notation in eqs. (17)- (25) is explained in the Appendix.). Taking the gradient on both sides of eq. (24) and then the cross product with r gives "' lml+q
Since the gradient of a scalar function is invariant to a transformation of the coordinate system, using the relations Substituting 
where the invariance of the curl operator to a transformation of the coordinate system has been considered. Using the relations [6, 12] r'(J) ( 
(37) Expressions in eqs. (37) and (38) 
When a -0, f3-0, 1'-0, the coefficients cax" cay'' Caz' (a= x, y, z) defined in eq.
(4) are all zero except cxx'' cyy' and czz' which are equal to unity. Substitution of these in eqs. (7)- (8) (42) and (44) in [5] . However eq. ( 45) for X =Mand X = N is not the same as eqs. ( 43) and (45) in [5] , but can be brought to the same form by the following rearrangement and change of notation. After substituting P;~ from eq. ( 43), eq. ( 45) becomes
L., p=lµ.l,lµ.l+l 
(cos e) ej(m-µ.J<t>axa'(i)(h'· r')
(p-µ,)! I I d µ.v ' ·(
Nm-µ.,t(h') (2v + l)zv (kd)
Eq. (47) for X =Mand X = N gives the translational addition theorems for the case r' ?< d. Also in the limit a___,. 0, /3 __,. 0, 1' __,. 0, eqs. (37) and (38) give the translational addition theorems for vector spheroidal wave functions M:<~mn and N;<~mn, for r' ~ d. When i = 3, their expressions are identical to those in [6] . '
Addition Theorems for Vector Spherical Wave Functions
The spheroidal coordinate systems ( ~' 17, cf>) and ( e, 17 1 , cf>') reduce to the spherical systems ( r, 0, cf>) and ( r', O ', cf>'), respectively, in the limit h ___,. 0 and h' ___,. 0, when the angular and radial spheroidal functions become the associated Legendre functions and spherical Bessel functions, respectively, Smn(h, 11)-P';;(cos 0),
Substituting eqs. (18)- (22) in eq. (24), and rearranging, we get in the limit h-O, ,L=-(lml+q) lml+q+v 
Using the expansion (11] , 
Applying again the expansion of P:(cos Ok) ejm<J>k as shown in eq. (54) gives
and with the linearization expansion of P~(cos O~)P~"(cos OD and the expansion of From Fig. 1 we have
Taking the cross product of V·ifr~~ with each side of eq. (58) gives
Since the gradient of a scalar function is invariant to a transformation of the coordinate system, using eq. ( 49) we can write
The vector spherical wave functions m~~l (a= x, y, z) can be expressed in terms of the vector spherical wave functions m~~l and n~~I) in the form [3] [3] . Similarly, for the vector spherical wave functions n~~ we obtain Theorem II in [3] .
CONCLUSIONS
Rotational-translational addition theorems for vector spheroidal wave functions Ma(i) Na(i) M±(il N±(i) (a= x y z· i = 1 2 3 4) as well as for vector spheroidal
wave functions M:'.~mn and N:'.~mn (i = 1, 2, 3, 4) have been derived. Translational addition theorems for these vector spheroidal wave functions have been deducd as special cases. Even though translational addition theorems and rotational addition theorems for vector spherical wave functions already exist in the literature [2, 3] , they cannot be simply combined to obtain rotational-translational addition theorems for vector spherical wave functions. In this paper, new rotational-translational addition theorems for vector spherical wave functions m~~ and n~~ have also been obtained as special cases. The rotational-translational addition theorems for vector spheroidal wave functions presented in this paper have been used by the authors to obtain an analytic solution to the problem of electromagnetic field scattering by two spheroids of arbitrary orientation [15] . By selecting appropriate vector wave functions, a unique system matrix can be used for calculating backscattering cross sections, independently of the angle of incidence. Results of a prescribed accuracy, corresponding to the whole range of angles of incidence, are therefore calculated with a better computational efficiency as compared with those obtained by various numerical techniques, for instance, moment methods where the problem has to be solved for each angle of incidence separately.
APPENDIX

Rotational-Translational Coefficients
The rotational-translational coefficients (i)Q;=(a, {3, y; d) and P;=(a, {3, y; d) gjven in eqs. (1) and (2) 
